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Abstract
Thisnoteconcernsafundamentalissueinthemodellingandrealisationofnonlinearsystems;namely,whetheritis
possibletouniquelyreconstructanonlinearsystemfromasuitablecollectionoftransferfunctionsand,ifso,under
whatconditions.Itisestablishedthatafamilyoffrozen-parameterlinearisationsmaybeassociatedwithaclassof
nonlinearsystemstoprovideanalternativerealisationofsuchsystems.Nevertheless,knowledgeofonlytheinput-
outputdynamics(transferfunctions)ofthefrozen-parameterlinearisationsisinsufficienttopermitunique
reconstructionofanonlinearsystem.Thedifficultywiththetransferfunctionfamilyarisesfromthedegreeof
freedomavailableinthechoiceofstate-spacerealisationofeachlinearisation.Undermildstructuralconditions,itis
shownthatknowledgeofafamilyofaugmentedtransferfunctionsissufficienttopermitalargeclassofnonlinear
systemstobeuniquelyreconstructed.Essentially,theaugmentedfamilyembodiestheinformationnecessaryto
selectstate-spacerealisationsforthelinearisationswhicharecompatiblewithoneanotherandwiththeunderlying
nonlinearsystem.Theresultsareconstructive,withastate-spacerealisationofthenonlinearsystemassociatedwith
atransferfunctionfamilybeingobtainedasthesolutiontoanumberoflinearequations.
1. Introduction
Thisnoteconcernsafundamentalissueinthemodellingand realisationofnonlinearsystems;namely,whetherit
ispossibletouniquelyreconstructanonlinearsystemfromasuitablecollectionoftransferfunctionsand,ifso,under
whatconditions.Familiesoflinearsystemsplayanimportantroleinmanyareasofnonlinearsystemstheoryand
practice.Theconstructionofnonlinearsystemsrelatedtoafamilyoflinearsystemsis,forexample,thesubjectof
thepseudo-linearisation( e.g. Reboulet&Champetier1984)andextendedlinearisation( e.g. Rugh1986)approaches
andplaysacentralroleinthechoiceofrealisationofgain-scheduledcontrollers( e.g. Lawrence&Rugh1995,Leith
&Leithead1996,1998a).Familiesoflinearsystemsalsoplayanimportantroleinsystemidentificationpractice
(e.g. Skeppstedt etal. 1992,McLoone&Irwin2000).
Akeyissueinmanyapplicationdomainsisthatthelinearsystemsarespecifiedonlytowithinalinearstate
transformation;thatis,thechoiceofstaterealisationisavailableasadegreeoffreedom.Thisisusuallythe
situation,forexample,individeandconqueridentification(becauseonlyinput-outputdataismeasurable)andmany
formsofgain-schedulingdesign(becausethelinearmethodsusedtocarryoutpointdesignsaregenerallyinsensitive
tothechoiceofstate-spacerealisation).Theobjectiveofthisnoteistoinvestigatetheconditions,ifany,under
whichunique,globalreconstructionofanonlinearsystemispossible.Inordertofocusonstructuralfactorsandto
improvetheclarityofthedevelopment,attentionisrestrictedheretosituationswherethelinearisationfamilyiswell-
posedandknownexactly;thatis,stochasticissuesareconsideredoutwiththescopeofthepresentnote.
Thenoteisorganisedasfollows.Insection2,fami liesoffrozen-parameterlinearisationsareintroducedand
discussed.Thenon-uniquenessassociatedwithstandardtransferfunctioninformationoftheselinearisationsis
introducedinsection3andinsection4sufficientconditionspermittingglobal,uniquereconstructionofanonlinear
systemfromanappropriatetransferfunctionfamilyarederived.Anumberofareasofapplicationoftheseresults
areindicatedinsection5andtheconclusionsaresummarisedinsection6.
2. Preliminaries
Itiswell knownthatthefamilyofclassicalperturbationlinearisationsofanonlinearsystemneednotfully
characterisethedynamicsofanonlinearsystem.Itisnotpossibletodistinguishbetweensystemshavingthesame
equilibriumdynamicsbutdifferentdynamicsawayfromequilibrium.Forexample,considerafamilyofequilibrium
linearisationsforwhichthememberassociatedwiththeequilibriumoperatingpoint,(r o,x o,y o),is
δ δ δ δ δ x x r y x= − + =101 101. . ,  (1)
δ δ δr r r x x x y y yo o o= − = − = +, ,
Thelineariseddynamicsarethe sameateveryequilibriumpointandsomight,forexample,triviallybeassociated
withthelinearsystem
. . ,x x r= − +101 101 y = x (2)
However,itisstraightforwardtoconfirmthatthelineariseddynamicsmightequallybeassociatedwithanymember
ofthefamilyofnonlinearsystems
 ( ),x G r x y x= − =10   (3)
forwhichG( •)isanydifferentiablefunctionsuchthat ∇G(0)=1.01.Toenablethenonlinearsystemtobe
reconstructed,itisnecessarytoadoptadifferentlinearisationapproachwhichprovidesadditionalinformationabout
thedynamicsofthesystem.
BorrowingnotationfromtheLPV/quasi-LPVliterature,considersystemsoftheform
 ( ) ( )
( ) ( )
z A M z B N u
v C M z D N u
= + + +
= + + +
φ θ φ θ
ϕ θ ϕ θ
   
   (4)
where u∈ℜm, v ∈ ℜp, θ∈ ℜq, z ∈ ℜn, φ, ϕarenonlinearmatrixfunctionsand A, B, C, D, M, Nareappropriately
dimensionedconstantmatrices.Thedefiningcharacteristicofthesystemsin (4)isthattheparametervariation
entersviathenonlinearfunctions φ, ϕwhichare,inturn,linearlycoupledintothesystemequationsthrough M, N.
Itisassumedthatthe“parameter” θiseithermeasureddirectlyorestimatedfrommeasurablesignalsbutno
restrictionisotherwiseplacedon θ.Inparticular, θneednotbeanexogenousvariablebutmaydependviaastaticor
dynamicmappingonthestate, z,ofthesystem.Confiningattentiontotheclassofsystems (4)isnotoverly
restrictiveasitiseasytoverifythatanyLPV/quasi-LPVsystemcanbeformulatedasin (4)by,ifnecessary,
appropriatelyaugmentingtheparametervector(triviallybyincludingallthestatesandalltheinputswhenrequired).
Insteadoftheclassicalequilibriumlinearisations,considerthefamilyoflinearsystemswithmembers 
( )

( )

( )

( )
z A M z B N u
v C M z D N u
= + + +
= + + +
φ θ φ θ
ϕ θ ϕ θ
1 1
1 1
 	  	
 	
 	
(5)
obtainedby“freezing”theparameter, θ,ofthesystem (4).Itisimportanttonotethatthefrozen-parameter
linearisationfamilyincludesinformationregardingnotonlythedynamicsrelatingtheinputandoutput(characterised
bythetransferfunction)butalsothestate-spacerealisationofeachlinearisation.Aswillbecomeclearerinthe
sequel,thelatterplaysakeyroleinthereconstructionofthenonlineardynamicsfromafamilyoffrozen-parameter
linearisations.Evidently,andquiteunlikethesituationwithclassicalequilibriumlinearisations,knowledgeofthe
state-spacefrozen-parameterlinearisationfamily, (5), does completelydefinethenonlinearsystem (4)sinceitcanbe
recoveredbysimplyallowing θtovaryin (5);thatis,thefamilyoffrozen-parameterlinearisationsisanalternative
representationofthenonlinearsystem (4).Observethat,when θdependsonthestate, z,ofthesystem,thereisa
frozen-parameterlinearisationassociatedwitheveryvalueof θeventhoughingeneralsomemayonlyoccurforoff-
equilibriumoperatingpoints.Therestrictiontonearequilibriumoperationinherentintheuseofclassical
equilibriumlinearisationsistherebyavoided.Moreover,expanding,withrespectto time,thesolution z(t)ofthe
system (4)relativetoaninitialtime,t 1,
z(t)= z(t1)+ z (t1)δt+ εz (6)
with εz = z(t)-{ z(t1)+ z (t1) δt},

( ) ( ) ( ) ( ) ( )z A M z B N ut t t1 1 1 1 1= + + +φ θ φ θ
   
, δt=t-t1 and θ1=θ(z(t1),Nu(t1)).
Similarly,expandingthesolutionofthecorrespondingfrozen-parameterlinearisation,

z ,relativetotimet 1then

z (t)=

z (t 1)+ zˆ (t1)δt+ ε z (7)
with
 
( )

( ) ( ) ( )z A M z B N u= + + +φ θ φ θ1 1 1 1
   
t t .Forinitialcondition

( ) ( )z zt t1 1= ,itcanthereforebeseenthat
thesolutionto (5)approximatesthesolutionto (4)witherrorO( δt2);thatis,tofirst-orderintime.Bycombiningthe
solutionstothemembersofthefrozen-parameterlinearisationfamilyinanappropriatemanner,a global
approximationto z(t)canbeobtained.Overanytimeinterval,[t 1,t2],anapproximationisobtainedbypartitioning
theintervalintoanumberofshortsub-intervals.Overeachsub-interval,theapproximatesolutionisthesolutionto
(5)with θ1 equaltothevalueof θattheoperatingpointreachedattheinitialtimeforthesub-interval(withtheinitial
conditionschosentoensurecontinuityoftheapproximatesolution).Theapproximationerrorovereachsub-interval
isproportionaltothedurationofthesub-intervalsquared.Hence,asthenumberofsub-intervalsincreasesthe
numberoflocalsolutionspiecedtogetherincreases,theapproximationerrorassociatedwitheachdecreasesmore
quicklyandtheoverallapproximationerrorreduces.Indeed,sincethisconstructionisjustEulerintegration,itis
straightforwardtoconfirmthattheoverallapproximationerrortendstozeroasthenumberofsub-intervalsbecomes
unbounded.
3. ConventionalTransferFunction 1KnowledgeAloneIsInsufficient
Thefamilyoffrozen-parameterlinearisations, (5),completelydefinesthesystem (4)sinceitcanberecoveredby
simplyallowing θtovaryin (5);thatis,thefamilyoffrozen-parameterlinearisationsisanalternativerepresentation
ofthenonlinearsystem (4).Nevertheless,thisequivalenceisdependentonknowledgeoftheappropriatestateco-
ordinatesforthefrozen-parameterlinearisations.Forexample,considerasysteminthequasi-LPVform
( ) ( )
( ) ( )
x A x B r
y C x D r
= +
= +
θ θ
θ θ
(8)
with θ θ= ( , )x r .Itcanbeseenimmediatelythatanyquasi-LPVsystem
~ ) ( ) ( )~ ) ( )
~ ( ) ( )~ ( )
x A x B r
y C x D r
= +
= +
−
−
T( T T(
T
θ θ θ θ θ
θ θ θ
1
1
(9)
with T(θ)non-singular,hasfrozen-parameterlinearisationswithtransferfunctions 1identicaltothoseof (8).A
system (9)may,ofcourse,havequitedifferentdynamicsfromthoseof (8):applyingthestatetransformation
x T x= −1( )~θ yields
 ( ) ( )  ( ) ( )
~ ( ) ( )
x A x B r T T x
y C x D r
= + +
= +
−θ θ θ θ
θ θ
1
(10)
Evidently,thedynamics, (10)(equivalentto (9))differfrom (8).
TheimpactofvariationsinT( •)mayalsobeseeninthecontextofconstructingthesolutiontothenonlinear
systemfromthepiecewisecombinationofthesolutionstothefrozen-parameterlinearisations(see§2).For
example,considerthepiecewise-linearsystem
( ) , ( , ,...z A z A A A= ∈t  t) 1 2
  (11)
where A(t)=Aiontheinterval(t i,ti-1]witht 1≤ t 2  ≤ t 3  … and Ai=TiATi-1.Thesolutionmaybewrittenexplicitlyas
z e e e z
e e e z
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(12)
Thesolutionisstronglydependentonthepropertiesofthe Ti.Forexample,whenthe Tiareidentical,thesystemis
preciselylinearandthusstablefor AHurwitz,whereaswhenthe Tidifferthesystembehaviourmaybehighly
nonlinearand,inparticular,unstableevenwhen AisHurwitz( e.g. with A( ) . .
. .
,
. .
. .
t ∈ −
−
  ﬀ
− −
  ﬀ
ﬁ
ﬂ ﬃ   
!
35 45
135 145
35 45
135 145 the
AiareHurwitzandsimilaryetitisstraightforwardtoconfirm,usingforexampletheresultsofShorten&Narendra
(1998),thatthereexistswitchingsequencessuchthat (11)isunstable).
Theobjectiveofthepresentpaperistostudythesituationwhereanonlinearsystem (4)istobereconstructed
fromthemembersofitsfrozen-parameterlinearisationswhenthelatterarespecifiedonlytowithinalinearstate
transformation(thatis,onlythetransferfunctions 1arespecifiedandthechoiceofstaterealisationisanavailableasa
degreeoffreedom).Thisisthesituation,forexample,individeandconqueridentification(becauseonlyinput-
outputdataismeasurable,seeforexampleMcLoone&Irwin2000)andmanyformsofgain-schedulingdesign
(becausethelinearmethodsusedtocarryoutpointdesignsaregenerallyinsensitivetothechoiceofstate-space
realisation,seeforexampleLeith&Leithead2000).Itisclearthat,foreachlinearsystem,itisnecessaryto
determinetheappropriatechoiceofstatewhich cannot beuniquelyinferredfromconventionaltransferfunction
informationalone.
4. ConditionsforReconstructing aNonlinearSystem
Itisevidentfromtheforegoingdiscussionthatadditionalinformationisrequiredinordertopermitanonlinear
systemtobereconstructedinauniquemannerfromanassociatedfamilyoflineartransferfunctions.Neitherthe

1
Throughoutthispapertheterm‘transferfunction’isusedasshorthandtodenotealinearmodelbasedonlyon
measurableinput-outputdatasincethisisthesituationgenerallyencounteredin,forexample,systemidentification
andgain-schedulingcontexts.Itincludes,inadditiontoactualtransferfunctionmodels,linearstate-spacemodels
wherethechoiceofstateco-ordinatesisonlydefinedtowithinalineartransformation.Norestrictiontofrequency-
domainmethodsisimpliedornecessary.
conventionalfamilyofinput/outputtransferfunctionsassociatedwiththeclassicalequilibriumlinearisationsnorthe
familyofinput/outputtransferfunctionsassociatedwiththefrozen-parameterlinearisationssatisfythisrequirement.
Therequirementisthustodetermineasuitablefamilyoflinearstate-spacesystemswhichbothuniquelydefines(to
withinanon-singularstatetransformation)anonlinearsystemandwhichis,inturn,uniquelydefinedbyits
associatedfamilyoftransferfunctions.
4.1ConditionsforUniqueness
Considertwononlinearsystems
( ) ( )
( ) ( )
z A M z B N u
v C M z D N u
= + + +
= + + +
φ θ φ θ
ϕ θ ϕ θ
   
 
  (13)
and
~

~ ~(~) ~ ~ ~ ~(~)~
~
~
~(~) ~ ~ ~ ~(~)~
z A M z B N u
v C M z D N u
= + + +
= + + +
φ θ φ θ
ϕ θ ϕ θ
" # " #
" #$" # (14)
Thesystem (13)maybereformulatedas
% ( )
( )
z Az Bu
v
v C
M
z
D
N
uaug
= + +
= &'(*)+ , = &'(-)+ , + &'(*)+ , + &'(.)+ ,
φ θ ϑ
ϑ
ϕ θ ϑ
0
(15)
andsimilarlyfor (14).Assumethatthefollowingconditionsaresatisfied
(i)  themembersofthefrozen-parameterlinearisationsfamiliescorrespondingto (15)arecontrollableand
observableand M N isfullrank
(ii)  φ φ ϕ ϕ( ), ~( ), ( ), ~( )θ θ θ θo o o o   areequaltozero,forsomevalueof θequalto θo
(iii) thereexistnonon-zerosolutions ∆, Xand Y,satisfying
∆ ∆ ∆
∆
A A B
C 0
X
Y M N
−
&
'
( )
+
,
=
&
'
( )
+
,
, M 0∆ = (16)
(iv)correspondingmembersofthefrozen-parameterlinearisationfamilies(i.e.forwhich θ=θ1,  ~θ =θ1)have,
respectively,thesametransferfunctionfrom uto vaugandfrom uto ~vaug .
Condition(i)isastandardminimalityconditionfromlineartheorywhilstcondition(ii)removesthepossible
ambiguityregardingthelinearcomponent,ifany,of φ φ ϕ ϕ, ~, , ~   .Note,condition(iii)needstobetestedforonly
onememberofthelinearisationfamilysinceitisthenautomaticallysatisfiedbytheentirefamily.Condition(iv)
requiresthatthetransferfunctionrelatingtheinput, u,to ϑ isknowninadditiontothetransferfunctionrelating uto
v. Moreinformationthanwasavailableinsection3isthusavailable
Proposition  (Uniqueness) Assumethatconditions(i)-(iv)aresatisfied.Thenthenonlinearsystems (13)and (14)
areidentical(towithinaconstantlinearstatetransformation);thatis,understructuralconditions(i)-(iii)thetransfer
functioninformationspecifiedincondition(iv)uniquelydefinesanonlinearsystem.
Proof Itfollowsimmediatelyfromstandardlineartheorythatwhencondition(iv)issatisfied
~ ~ ( ) ~ ( ) ( ) ( ), ~ ~( ) ~ ( ) ( )
~
~ ( ) ~ ( ) ( ), ~ ~ ( ) ~ ( )
~ ( ) , ~
A M T A M T B N T B N
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M MT N N
1 1 1 1 1 1 1
1 1
1
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1
1
+ = + + = +
+ = + + = +
=
−
−
−
φ θ θ φ θ θ φ θ θ φ θ
ϕ θ ϕ θ θ ϕ θ ϕ θ
θ
/ 0 / 0
/ 0
1


    =
∀θ1∈ℜq (17)
where T(θ1)isanon-singularlinearstatetransformation(whichmaybedifferentforeachmemberofalinear
family).Let T(θo)betheidentitymatrix;thisinvolvesnolossofgeneralitysince,by(i),itcanalwaysbeachieved
byapplyinganappropriateconstantlinearstatetransformation.Then,owingtotheminimalityconditions(ii),it
followsthat (17)reducesat θoto ~ , ~ , ~ , ~ , ~ , ~A A B B C C D D M M N N= = = = =        = .Hence,
∆ θ ∆ θ ∆ θ
∆ θ
∆ θ φ θ φ θ φ θ
ϕ θ ϕ θ
∆ θ
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+
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(
(
)
+
,
,
=
1 2
3 4
 ∀θ1∈ℜq (18)
where ∆(θ1)=T-1(θ1)-I.Condition(iii)ensuresthat ∆(θ1)=0, X=0and Y=0istheonlysolutionto
∆ θ ∆ θ ∆ θ
∆ θ
( ) ( ) ( )
( )
1 1 1
1
A A B
C 0
X
Y
M N
−
−
567 89 :
=
567 89 :
, M 01∆ ρ( ) = (19)
andsoby (18)and(iii)
~( ) ( )φ θ φ θ1 1= , ~( ) ( )ϕ θ ϕ θ1 1=  ∀θ1∈ℜq (20)
asrequired.Consequently,undertheforegoingconditionsthenonlinearsystems (13)and (14)mustbeidenticalto
withinaconstantlinearstatetransformation.
Remark:Genericityofcondition(iii) .Itisevidentthatviolationofcondition(iii)requiresthesimultaneous
satisfactionofmanylinearconstraints.Specificsystemsviolatingcondition(iii)do,ofcourse,exist;forexample,in
thecaseofasystemforwhich
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itisstraightforwardtoconfirmthat
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aresolutionsto (16).Nevertheless,theclassoflinearisationfamiliesforwhichthereexistnon-zerosolutionsto (16)
is non-generic.Thiscanbeseenasfollows.Thenumberofunknownsin (16)isn 2+nq+pnwhilethenumberof
linearequationsisn 2+nq+pn+nm,wheren,m,p,qarethedimensions,respectively,ofthestate,input,outputand
parametervectors.Fromstandardlineartheory,foranysingularmatrixthereexistsanarbitrarilysmallperturbation
whichmakesitnon-singular;thatis,non-singularmatricesaregeneric.Whenmiszero,thenumberoflinear
equationsisthesameasthenumberofunknownsanditfollowsimmediatelyfromthegenericityofnon-singular
matricesthatcondition(iii)isalsogenericallysatisfied.Whenmisnon-zero,violationofcondition(iii)requires
singularityofann 2+nq+pnsubsetsofequationssubjecttonmequalityconstraintsandagaingenericityfollows
immediately.Hence,formostpracticalpurposescondition(iii)maybeassumedtoalwaysbesatisfied(thatis,
exceptinsingularcircumstanceswherethereexistspecificapplication-relatedconstraintssuchthatconsiderationof
thenon-genericsolutionsto (16)isessential).
4.2 θand ϑ LinearlyRelated
Condition(iv)inSection4.1requiresknowledgeofthetransferfu nctionsrelating ϑ totheinput u.When ϑ is
linearlyrelatedto θ andknown apriori ,thetransferfunctionofonemaybeinferredfromthatoftheother.Inthese
circumstances,condition(iv)canbemodifiedtoarequirementforknowledgeofthefrozen-parametertransfer
functionsrelating uto vθ
ABC DE F
.TheUniquenessPropositionmaythereforebereadilyspecialisedasfollows.
Corollary( ϑ LinearlyRelatedto θ) When ϑ islinearlyrelatedto θ,conditions(i)-(iii)ofsection4.1together
withknowledgeofthefrozen-parametertransferfunctionsrelating uto vθ
ABC DE F
andtherelationshipbetween ϑ and θ
uniquelydefinesanonlinearsystem (4).(Asimilarsituationpertainswhen,forexample,theelementsof θarea
subsettheelementsof ϑ orwhenthemappingfrom ϑ to θisdefinedindirectlyviasomethirdquantity, ξsay;note
that ξmaybemeasurablewhen θand ϑ arenot).
TheprooffollowsdirectlyfromtheobservationintheUniquenessPropositionthatwhentherelationshipbetween
ϑ and θ islinearandknown apriori ,thetransferfunctionofonemaybeinferredfromthatoftheother.
Remark:InthiscontextCondition(iv)oftheUniquenessConditionisaverynaturalrequirement.Information
concerningthelocalevolutionofthestateisprovidedbythetransferfunctionrelating uto v.However,thefrozen
linearisationevolvesasthestateevolves.Hence,toconstructnon-localsolutions,theinformationisrequiredtoalso
updatethememberofthefrozenlinearisationfamilybeingusedtodefinetheevolutionofthestate.Thisadditional
informationisprovidedbythetransferfunctionrelating uto θ.
Examplesintheliteraturetowhichthiscorollaryisdirectlyrelevantinclude:
(1) State-dependentsystems (Priestley1988,Young2000)
Oneparticularlyinterestingspecialcase(studiedby,forexample,Priestley1988,Young2000)isnonlinear
systemsoftheformG
( )
( )
z Az Bu
v C
M z
D
N u
= + +
A
BC
D
E F
=
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D
E F
+
A
BC
D
E F
+
A
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D
E
F
φ ρ ρ
ρ
ϕ ρ ρ
0
(23)
with θ and ϑ equalto ρ.Thenotation, ρ,isusedhereratherthan θor  ϑ ,inordertoemphasisethatforsuch
systemstheparameter ρ embodiesthenonlineardependenceofthedynamics.Consequently,forexample,theseries
expansionoftheright-handsideissolelyintermsof ρ.
(2) Velocity-basedsystems (Leith&Leithead1998b,c)
FollowingLeithandLeithead(1998b,c),anynonlineardynamicsH
x = F(x, r), y = G(x, r) (24)
where r∈ℜm, y ∈ ℜp, x ∈ ℜn, F(·,·)and G(·,·)aredifferentiablenonlinearfunctionsmaybereformulatedas
 ( ), ( )x Ax Br f y Cx Dr g= + + = + +ρ ρ (25)
where A, B, C , Dareappropriatelydimensionedconstantmatrices, f(•)and g(•)aredifferentiablenonlinear
functionsand ρ(x,r)∈ℜq,q ≤m+n, embodiesthenonlineardependenceofthedynamicsonthestateandinput with
∇xρ, ∇rρconstant. Trivially,thisreformulationcanalwaysbeachievedbyletting ρ=[ xT  rT]T,inwhichcase
q=m+n.However,thenonlinearityofthesystemisfrequentlydependentononlyasubsetofthestatesandinputs,in
whichcasethedimension,q,of ρislessthanm+n.Underanappropriatestateandinputtransformation, (25)maybe
reformulatedasasystemoftheform (4).Forexample,thearchetypaltransformationistodifferentiate (25),yielding
thealternativerepresentationofthenonlineardynamicsI
( ( ) ) ( ( ) )
I
I
( ( ) ) ( ( ) )
I
w A f w B f r
y C g w D g r
x r
x r
= + ∇ ∇ + + ∇ ∇
= + ∇ ∇ + + ∇ ∇
ρ ρ ρ ρ
ρ ρ ρ ρ (26)
with J
J
ρ ρ ρ= ∇ + ∇x rw r  (27)
Thevelocity-based(VB)formulation, (26),isdynamicallyequivalentto (25)inthesensethat,forappropriateinitial
conditions,theyhavethesamesolution.Identifying,forexample, uwith
J
r , z  with w,   v with y and ρwith θitis
evidentthat (26)ispreciselyoftheform (4).Inthiscase,itcanbeseenthat ϑ isassociatedwith
J
ρ andsorelated
to θ byalineardifferentiationoperator.
4.3AReconstructionMethodology
Instate-spaceterms,underconditions(i)-(iv)ofsection4.1thelinearfamilywithmembers
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1
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1
1
1
1
1
(28)
isknownbutthestatetransformation, T(•),relatingtheco-ordinatesofonemembertoanotherisunknown.Note
that^notationisusedtoemphasisethedistinctionbetweenthefrozen-parameterlinearisationsandtheassociated
nonlinearsystem.Assume,withoutlossofgenerality,that T(θo)=I(recallingthatthesystemisdefinedtowithina
constantlinearstatetransformation,thisassumptioncorrespondstoonechoiceoflineartransformation).Assume,
alsowithoutlossofgenerality,thattheconstantmatricesassociatedwiththedynamicsare
A A B B C C D D M M= = = = =
K
( ),
K
( ),
K
( ),
K
( ),
K
( )θ θ θ θ θo o o o o (29)
(thissimplyservestofixanylinearcomponentofthesystemnonlinearity).Thecoefficientsofthenonlinearsystem
associatedwith (28)canbeobtainedasthesolution,{ T(•), φ(•), ϕ(•)},tothefollowinglinearequalities.
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Asolutionto (30)isguaranteedtobeuniquebytheconditionsintheforegoingpropositionandcorollaries;the
nonlinearsystemthusreconstructedisdescribedby
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Example  Missilelateraldynamics
Consideraskid-to-turnmissilewithlateraldynamicsdescribed( Leith etal. 2000) bythefamilyoffrozen-
parametertransferfunctionsV W
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where
K
z=  [vr] T,withrtheyawrate(rad/s),vthelateralvelocity(m/s),uisthefinangle(rad)and θ1rangesover
someappropriateset. T(•)isanunknownstatetransformationasbeforeandthe^notationisuseddistinguish
betweenthefrozen-parameterlinearisationsandtheassociatednonlinearsystem.Inthisexample θislateralvelocity
and ϑ consistsofthestateandinput,with ^ ^θ = 1 0 ϑ .Notethattheavailabilityofmeasurementsofthestateand
inputisnotuncommoninanaerospacecontext.Itstraightforwardtoconfirmthatthetransferfunctions (32)
relatingtheinput uto vaug arecontrollable,observableandcondition(iii).Assume,withoutlossofgenerality,that
T(0)=Iand,consequently,theconstantmatricesassociatedwiththenonlineardynamicsare
A B C M N=
M
N
O
P
R
S
=
M
N
O
P
R
S
=
M
N
O
O
P
R
S
S
= =
M
N
O
O
P
R
S
S
=
M
N
O
O
P
R
S
Sa a
b b
a
b D
1 3
3 5
5
7
1 0
0 1
0 0
0 0 1
0 0
0
0
1
, , , , ,
1 0
(33)
Thereconstructivelinearequalities, (30),forthisexamplethereforeare
T T
T T
a a a
b b b b
a a
b b
T T
T T
a a
b b
11 1 12 1
21 1 22 1
1 2 1 3
3 2 1 5 4 1
1 3
3 5
11 1 12 1
21 1 22 1
11 1 12 1 13 1
21 1 22 1 23 1
5 4 1
7
1 0
0 1
0 0
( ) ( )
( ) ( )
| |
| | | |
( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( )
| |
θ θ
θ θ
θ
θ θ
θ θ
θ θ
φ θ φ θ φ θ
φ θ φ θ φ θ
θ
M
N
O
P
R
S
+
+ +
M
N
O
P
R
S
−
M
N
O
P
R
S
M
N
O
P
R
S
=
M
N
O
P
R
S
M
N
O
O
P
R
S
S
+
+ 6 1
5
7
11 1 12 1
21 1 22 1
11 1 12 1 13 1
21 1 22 1 23 1
11 1 12 1
21 1 22 1
11 1 12 1 13
0
0
1
1 0
0 1
0 0
1 0
0 1
0 0
| |
( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( )
θ
θ θ
θ θ
φ θ φ θ φ θ
φ θ φ θ φ θ
θ θ
θ θ
ϕ θ ϕ θ ϕ
M
NO
P
R S
−
M
NO
P
R S
M
NO
P
R S
=
M
NO
P
R S
M
N
O
O
P
R
S
S
M
N
O
O
P
R
S
S
−
M
N
O
O
P
R
S
S
M
N
O P
R
S
=
a
b
T T
T T
T T
T T
( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
θ
ϕ θ ϕ θ ϕ θ
ϕ θ ϕ θ ϕ θ
ϕ θ ϕ θ ϕ θ
ϕ θ ϕ θ ϕ θ
ϕ θ ϕ θ ϕ θ
1
21 1 22 1 23 1
31 1 32 1 33 1
11 1 12 1 13 1
21 1 22 1 23 1
31 1 32 1 33 1
1 0
0 1
0 0
0
0
0
1
0
M
N
O
O
P
R
S
S
M
N
O
O
P
R
S
S
=
M
N
O
O
P
R
S
S
M
N
O
O
P
R
S
S
=
(34)
Theuniquesolutionto (34)definesthenonlinearmissiledynamics
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with θ = 1 0 z .
5. SomeApplications
5.1 Extendedlocal linearequivalencesystems
Let Ε = + + + =z u Az Bu z u M No o o o o o o oz u, : ( ( , ))[ ]φ θ 0
 
denotethesetofequilibriumpointsofthesystem
(4),R θ(E)denotetherangeof θonE( i.e. Rθ(E)={  θ(z,u):(( z,u) ∈E})andR θ(Φ)therangeof θonthefulloperating
spaceofthesystem, Φ={(z,u): z∈ ℜn, u ∈ℜm}.Systems, (4),forwhich
Rθ(E)=R θ( Φ) (36)
arereferredtohereasextendedlocallinearequivalence(ELLE)systems.Thecondition, (36),simplycorrespondsto
therequirementthat θisparameterisedbytheequilibriumpoints.Itfollowsimmediatelythattheequilibrium
information,
A M B N
C M D N
+ +
+ +
_`a bc d
∈
e
f g h i
j
φ θ φ θ
ϕ θ ϕ θ
θ
( ) ( )
( ) ( ) : R (E)θ ,togetherwithknowledgeof θ,completelydefinesanELLE
system.Inviewoftheimportanceofequilibriuminformationinclassicaltheory(particularlygain-scheduling
theory),andtherelativeeasewithwhichequilibriumdynamicsmaybeidentifiedfrommeasureddata,theclassof
ELLEsystemsisofconsiderableinterestinitsownright.Notethatevenifnotexactlysatisfied,itisoftenpossible
toutilise,withinausefuloperatingenvelope,anELLEapproximationtoanon-ELLEsystem.
Theresultsofsection4canbeimmediatelyspecialisedtoELLEsystems,assummarisedbythefollowing
corollary.
Corollary(UniquenessofELLESystems) Assumethatconditions(i)-(iii)ofsection4aresatisfiedandthatthe
frozen-parameterlinearisationsassociatedwiththe equilibriumoperatingpoints of (13)and (14)havethesame
transferfunctionfrom uto vaugandfrom uto ~vaug .Assume,inaddition,that (13)and (14)belongtotheclassof
ELLEsystems.Thenthenonlinearsystems (13)and (14)areidentical(towithinafixedlinearstatetransformation);
thatis,underconditions(i)-(iii)anonlinearsystemisuniquelydefinedbyappropriateequilibriumtransferfunction
information.TheprooffollowstriviallyfromtheforegoingpropositionandthedefinitionofELLEsystems.
Example Wiener-Hammersteinsystem
Supposethatthefrozen-parameterlinea risationtransferfunctionsrelating vaug anduareknownandaregivenby
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where Vaug(s),U(s)denote,respectively,theLaplacetransformsof vaug,u.Assumealsothatthestructureofthe
dynamicsissuchthat θequals ϑ .Equivalently,instate-spaceterms,wehavethat
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where T(•)isanunknownstatetransformationandthe^notationisusedtoemphasisethedistinctionbetweenthe
frozen-parameterlinearisationsandtheassociatednonlinearsystem.Thelinearisations, (38),arecontrollableand
observable.Assume,withoutlossofgenerality,that T(θo)=I(recallingthatthesystemisdefinedtowithinaglobal
linearstatetransformation,thisassumptioncorrespondstoonechoiceofgloballineartransformation).Assume,
alsowithoutlossofgenerality,thattheconstantmatricesassociatedwiththenonlineardynamicsare
A B C M= −
−
stu vw x
=
stu vw x
= = = =
a
K b D No
0 1
0 0 1 0 0( ) , , , , ,θ 1 0 (39)
(thissimplyservestofixanylinearcomponentofthesystemnonlinearity).Uniquenesscondition, (16),only
requirestobeevaluatedforasinglememberofthelinearisationfamily;takingthemembercorrespondingto θequal
to θoyields
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where ∆ijdenotestheij thelementof ∆,andsimilarlyforX i.andY 1 Evidently, ∆=0, X=0, Y=0 isthesolesolution,as
required.Conditions(i)-(iv)aresatisfiedanditthereforefollowsfromtheforegoingpropositionthat (37)uniquely
definesanonlinearsystem.From (30),thecoefficientsofthenonlinearsystemassociatedwith (37)(equivalently,
(38))areobtainedasthesolutiontothefollowinglinearequalities(notethattheexistenceofauniquesolutionis
guaranteedbytheforegoingconditions).
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Itisstraightforwardtoverifythatthesolutionto (41)is
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Thatis,thenonlinearsystemuniquelydefinedbytheinput-outputinformation (37)is
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with θ ϑ= .Thissystem,depictedinfigure1,isofWiener-Hammersteinform.Thefrozen-parameterlinearisation
familyisparameterisedbythequantity, θ,whilethefamilyofequilibriumpointsof (43)maybeparameterisedby
thevalueoftheinput,u,atequilibrium.Since θ=u/aatequilibrium,thefamilyofequilibriumpointsmaytherefore
alsobeparameterisedby θ,and vice-versa.Hence, (43)belongstotheclassofELLEsystemsand,inaccordance
withthedefinitionofthisclass,thefrozen-parameterlinearisationfamily(andsotheglobalnonlineardynamics)is
completelydefinedbythefamilyoffrozen-parameterlinearisationsattheequilibriumpointstakentogetherwith
appropriateknowledgeof θ.
Remark  Correspondencebetweenequilibriumlinearisationsandfrozen-parameterlinearisations
Intheparticularsituationwherethefrozen-parameterlinearisationsconsideredare,infact,VBlinearisations,a
stronglinkcanbeestablishedbetweenthefrozen-parameterlinearisationsandtheclassicalequilibrium
linearisations.Theclassicalseriesexpansionlinearisationof (25)relativetotheequilibriumoperatingpointatwhich
xand r are,respectively,equalto xoand ro,is
δ δ δ
δ δ δ
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( ( ) ) ( ( ) )
( ( ) ) ( ( ) )
x A f x B f r
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x r
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(44)
togetherwiththeinput,outputandstatetransformations
δ δ δr r r x x x y y y= − = + = +0 0 0, ,  (45)
where ρo=ρ(xo,ro).Incontrasttotheclassicalequilibriumlinearisations,thefrozen-parameterlinearisationfamily
associatedwiththevelocity-basedsystem (26)includeslinearisationsoftheplantatbothnon-equilibriumand
equilibriumoperatingpoints.Nevertheless,itisclearthatthemembersoftheclassicalequilibriumlinearisation
familydefinedby (44)arecloselyrelatedtothemembersoftheVBfrozen-parameterlinearisationfamilyeven
thoughthestate,inputandoutputaredifferent.Inparticular,theVBfrozen-parameterlinearisationfamilycanbe
determineddirectly,byinspection,fromtheclassicalequilibriumlinearisationfamilyprovidedthatthereexistsan
equilibriumoperatingpointcorrespondingtoeveryvalueintherangeof ρ.Thiscorrespondenceiscertainlynotthe
caseingeneralbutratherisafeatureofsystemspossessingtheELLEproperty(andsystemsforwhichasufficiently
accurateELLEapproximationexists).Itfollowsimmediatelythat,forELLEsystems,thenonlineardynamicscanbe
uniquelyreconstructedfromtheclassicalequilibriumlinearisationfamilytakentogetherwithappropriateknowledge
of ρ.
5.2Finiteparameterisationoflinearisationfamilybyblendinglocalmodels.
Thefrozen-parameterlinearisationfamilyassociatedwithanonlinearsystemgenerallyhasinfinitelymany
members.Inmanysituationsitispreferabletoworkwithasmallnumberof“representative”linearisationsand
recoverthefulllinearisationfamilybyblendingorinterpolatingbetweentheselinearisations.Similarissuesarisein
manyapplicationdomainsandtheliteratureonblendedrepresentationsisextensive(see,forexample,thesurveyby
Johansen&Murray-Smith1997,Leith&Leithead1999,2000),includingnumerousapproachesrelatedtogain-
scheduling.Atypicalblendedmultiplemodelformulationofthenonlinearsystem (4)blendsthelinearlocalmodels
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togetherviatheweightingfunctions µi i=1,…toyieldthenonlineardynamics
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Provided µk(θj)isunitywhenj=kandzerowhenj ≠k,thefrozen-parameterlinearisationsof (47)correspondingto
parametervalue θiisjustthelocalmodel (46).Considerrelaxingcondition(iv)oftheUniquenessPropositiontothe
weakerrequirementthatthefrozen-parametertransferfunctionsrelating uto vaugareknownonlyforparameter
values{ θi,i=1,…}(ratherthanforallparametervalues).ItfollowsdirectlyfromtheproofoftheUniqueness
Propositionthatthisrelaxedcondition(iv),togetherwithconditions(i)-(iii)ofsection4,uniquelydefinesthelocal
models, (46).Compatiblestate-spacerealisationsofthelocalmodelscanbedeterminedusingtheprocedure
describedinthesection4.3above.Theblendednonlinearsystem, (47),isthendefinedbyanappropriatechoiceof
weightingfunctions µi(forexample,theuseoftriangularweightingfunctionscorrespondstolinearinterpolation
betweenthelocalmodels (46)).
Remark Choiceofweightingfunctiondependence
Itisworthemphasisingthattheweightingfunctions, µi,mustdependonthesameparameter, θ,asthelocalmodels
inordertoensureconsistencyacrossthereconstructednonlinearsystem.Inferenceoftheparameter, θ, isofcourse
oneoutcomeofthereconstructionprocess.Thisobservationisatrivialconsequenceofthepresentdevelopment,but
neverthelessanissueofconsiderablepracticalimportance(see,forexample,thediscussioninJohansen&Murray-
Smith(1997)).
Example(cont )Missilelateraldynamics
Returningtothemissileexampleofsection4.3,supposethatthefrozen-parameterlinearisationsarenowknownonly
forthe discreteparametervalues θi,i=1,2..N.Asbefore,assumewithoutlossthattheconstantmatricesassociated
withthenonlineardynamicsare
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Itfollowsfromthepreviousanalysisofthisexamplethatconditions(i)-(iii)aresatisfiedbythiscollectionofN
linearisations. Thereconstructivelinearequalities forthisexamplethereforeare
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withi =1,2..N.Notethattherearenowonlyafinitenumber,N,ofequalitiesandtheuniquesolutionto (49)
reconstructsthestate-spacerealisationsofthefrozen-parameterlinearisationsasV W V
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BlendingbetweentheseNstate-spacelinearisationsusingappropriateweightingfunctions µi i=1,2..Nyieldsastate-
spacefrozen-parameterlinearisationfamilyforwhichthecorrespondingnonlinearsystemis
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with θ = 1 0 z .Ingeneral,therequirementistoreconstructthenonlineardynamicsfromknowledgeofasfew
linearisationsaspossible;thatis,tominimisethenumberNoflinearisationsneededtoachieveanaccurate
reconstruction.Inthepresentexample,itisknownfrom (35)thatthecoefficientsofthemissileequationsdepend
linearlyon θ.Hence,usingtriangularweightingfunctionsandthelinearisationsassociatedwiththeextremalvalues
of θassociatedwiththerequiredoperatingenvelope,accuratereconstructioncaninfactbeachievedonthebasisof
knowledgeofinput-outputinformationpertainingtoonly two linearisations.
Remark Correspondencebetweenequilibriumlinearisationsandfrozen-parameterlinearisations(cont)
Asnotedinsection5.1,byadoptingthevelocity-basedformalismadirectrelationshipexistsbetweenthefrozen-
parameterlinearisationsandtheclassicalequilibriumlinearisationsfortheclassofsystemspossessingtheELLE
property.ThemissileexampleconsideredheredoesnotbelongtotheclassofELLEsystems.However,itcanbe
shown(Leith etal. 2000)thatthevelocity-basedformofthemissiledynamicsmaybeaccuratelyapproximatedby
anappropriateELLEsystem.Thereconstructionofablendedtypeofrepresentationasconsideredabovemay
thereforebecarriedoutintermsoftheclassicalequilibriumlinearisations(indeed,byblendingonlyasmallnumber
oflinearisations).Thisisclearlyofconsiderablepracticalrelevance.
6. Conclusions
Thispaperconcernsafundamentalissueinthemodellingandrealisationofnonlinea rsystems;namely,whether
itispossibletouniquelyreconstructanonlinearsystemfromasuitablecollectionoftransferfunctionsand,ifso,
underwhatconditions.(Here,‘transferfunction’isusedasshorthandtodenotealinearmodelbasedonlyon
measurableinput-outputdata.Itincludes,inadditiontoactualtransferfunctionmodels,linearstate-spacemodels
wherethechoiceofstateco-ordinatesisonlydefinedtowithinalineartransformation.Norestrictiontofrequency-
domainmethodsisimpliedornecessary).Itisestablishedthat
 Afamilyoffrozen-parameterlinearisationsmaybeassociatedwithanonlinearLPV/quasi-LPVtypeofsystem.
Whilethedynamicsofindividualmembersofthefamilyareonlyweaklyrelatedtothedynamicsofthenonlinear
system,thestate-space familyoflinearisationsneverthelessdoesprovideanalternativerealisationofthe
nonlinearsystemwithoutlossofinformation.Thisis,ofcourse,quitedifferentfromthesituationwithclassical
equilibriumlinearisations.

 Knowledgeoftheinput-outputdynamics(transferfunctions)ofthefrozen-parameterlinearisationsofasystem
is,however, not sufficienttopermitreconstructionoftheassociatednonlinearsystem.Thisresultisinteresting
sincethestate-spacefrozen-parameterlinearisationfamily does provideauniquerepresentationofanonlinear
systemwhichembodiesallofitsdynamiccharacteristics.Thedifficultywiththetransferfunctionfamilyarises
fromthedegreeoffreedomavailableinthechoiceofstate-spacerealisationofeachlinearisation.

 Undermildstructuralconditions,knowledgeofafamilyofaugmentedtransferfunctions issufficienttopermita
largeclassofnonlinearsystemstobeuniquelyreconstructed.Thatis,thefamilyofaugmentedtransferfunctions
providesanalternative,andentirelyinput-outputbased,representationofanonlinearsystem.Essentially,the
augmentedfamilyembodiestheinformationnecessarytoselectstate-spacerealisationsforthelinearisations
whicharecompatiblewithoneanotherandwiththeunderlyingnonlinearsystem.Theresultsareconstructive,
withastate-spacerealisationofthenonlinearsystemassociatedwithatransferfunctionfamilybeingobtainedas
thesolutiontoanumberoflinearequations.
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